Abstract. The dispersion relation for waves in a cold, magnetized plasma is discussed using the potential for the longitudinal part of the electric field. This clarifies wave emission from a conductor in low Earth orbit and should be useful in considering the far field and both hot plasma and nonlinear, near-field effects. General formulas for radiation impedance are directly obtained. For tethers a fundamental dependence on contactor size is discussed. Spherical and ellipsoidal contactors and an (anodcless) bare tether are considered. Simple arguments on nonlinear contactor effects lead to a surprisingly simple result for impedances off the Alfven branch.
Introduction
In a seminal paper, Dre.ll et ai [1965] showed how an orbiting conductor, if in electrical contact with the ionosphere, would excite Alfven waves. Since the emf induced by the geomagnetic field is proportional to the perpendicular conductor length, using a long space tether, with contactor ends, would enhance radiation [Banks ei ai, 1981] . A quantity of interest for both power generation and Alfven (and higher frequency) signal propagation is the wave impedance [ilasmitssen et ai, 3985; Dobrowolny and Vcltri, 1986] . Fundamental results were obtained by Barn ell and Olberi [1986] and Estes [1988] .
Further work on the impedance was carried out by Donohue ci ai [1991] and by Hastings and Wang [1987] and Hastings ei ai [1988] , who extended the analysis to conductors carrying ac currents. Esies [1988] and vom Steim and Neubauer [1992] studied the field near a tether, Rasmussen ei ai [1990] and McKenzie [1991] studied the far field, and Hastings and Wang [1989] and vom Steim and Neubauer [1992] studied two-ion effects. Tether radiation has been modeled in the laboratory [Urrutia and Stenzel, 1989; Stenzel and Urruiia, 1990] .
Here, contrary to published analyses, we do not directly study wave emission. Instead, we first collect convenient results from the well-known dispersion relation for a cold, magnetized plasma and then solve the wave equation in terms of the potential <f> for the longitudinal part of the electric field of the wave. Only then are conditions particular to orbiting conductors considered; this corrects or clarifies results found in the literature.
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The <j> formalism, a powerful tool for studying nonlinear or hot-plasma effects, is used here to directly derive complete impedance formulas (sections 2 and 3).
For tethers the impedance for branches other than Alfven is shown to depend heavily on the model for the cathodic and anodic contactors at the ends. Taking into account a nonvanishing contactor length along the tether proves essential for a proper model and yields an impedance varying as the inverse of contactor area. Simple results are obtained for spherical (and ellipsoidal) contactors and for an anodeless bare tether, proposed as an efficient anodic contactor [Sanmarlin et ai, 1993] . Nonlinear contactor effects suggest an impedance varying as the inverse of current (sections 4 and 5).
Wave Emission
We first recall three well-known results from the usual wave equation for the Fourier-transformed electric field E(k,w) in a two-component, cold plasma [Akhiezer et ai, 1975] ,
Here j s is the source current density, k is the wave vector, n ~ cfc/w is the refractive index, and £ c (w) is the dielectric tensor (with z axis along the field Bo)> 
*-K Figure 1 . Schematics of branches (fast extraordinary (FE), ordinary (O), slow extraordinary (SE), fast magnetosonic (FM), and Alfven (A)) for the dispersion relation of a cold, magnetized plasma; W is the whistler region in branch FM. The figure is dependent on the angle between k and the ambient field.
frequencies and gyrofrequencies for electrons and ions; (JUH, WLH are upper and lower hybrid frequencies.
(1) Equation (1) (0), w™(0), and w£,W> obtained from (2) in the limit k -• 00 (that is, n •-+ 00 or I e, I /n 2 -+ 0, j -1 -3), yielding
for conditions leading to (2"); we used cos 2 0 < 1 to write kj. -j s x cz k j s .
We are now in a position to discuss wave emission from an orbiting conductor sustaining a steady current. In the terrestrial reference frame the Doppler relation reads C!sin 2^ + c 3 cos 2 (9 = £(oo,0,w) = 0. 
gives e 2 ^ n e /w pe , ci ~ -cJUos 2 /?, e 3 ^ c|sin 2 0; condition (7) (and (6b)) then shows all c ; /n 2 to be small. Alternatively, one can find (w*^ -w) /w < 1, directly from (2) Since this branch always has w < ft,, condition (6c) makes j c ; | /n 2 large and (2") valid, except for k y /k x large enough. The equation DA -0 has the root
Note that cos 0= k x fk =(k x V/kV A ) V A kJu A \ssm<i\\ as required, unless w is very close to Q t . We now make the ansatz that negligible energy is carried by such frequencies and by large k y /k x values, which may thus be ignored. Note also that C\jn 2 (= cos 2 6) and C2/n 2 (~ eioj/n 2 Q t ) are small as assumed.
For both the SE and FM modes, (2 ? ), (3), and (4 r ) give w(eifc_f + e 3 * 2 )
with E ( ~ 0(w-2 ). For the Alfven mode, (2"), (3), and (4") give 4-irlc * i .with Et* ^ -Ei*, Etx = 0(n -2 ). Since w^ is a function of just 0, or k z /k, SE and FM waves have a group velocity perpendicular to k in the Bo, k plane, a fact not entirely clear in the literature [BO; Hastings and Wang, 1987] . Since w A depends only on k z , A waves have group velocity along B 0j with k nearly perpendicular. Note that certain results in BO's analysis (figures 2b and 2c, for bands II and III, of that paper) represent just the well-known formulas (8a) and (8b) (figure 2a, for band I, of BO's paper represents WAC^/M from (9). with w A written as Vk x where necessary).
Note also that there is no whistler emission (part W on the FM branch of Figure 1 ); Stenzel and Urrutia's experiments showing whistlers do not apply to an ionospheric tether; they either fail to reproduce the steady condition u> = k x V [Vrrutia and Stenzel, 1989] or correspond to the opposite regime V ~ 2 x 10 7 cm/s>-K A -4x 10 5 cm/s [Stenzel and Urrutia, 1990] . Radiation occurs at the contactors, where V • j s / 0, because it depends on the source divergence kj £ , a fact first noticed by Esies [1988] and clearly arising from the quasi-electrostatic character of the field, E~ -iki/j or -tkj_<#. For FM waves this followed from condition V -C VA; FM emission along a tether, as found by Stenzel and Urrutta [1990] , corresponds to the opposite, whistler regime, V >-VA-Note, however, that condition V <C VA, being dependent on planetary parameters (surface gravity, radius, ionopheric density, and ambient field Bo), is not an intrinsic property of tethers; tether radiation might thus depend, in general, on current source features other than its divergence [Donohue et al.,1991] .
In the following sections we shall use the present <j> formalism to determine radiation impedance formulas. The formalism, however, should also be useful in studying (1) how to match linear results for the field to nonlinear results near the tether, where E should be nearly electrostatic; (2) the radiation pattern in the transverse far field of the waves, given clearly as 
The Impedance Formulas
To determine the impedance, there is no need to compute the near field [Estes, 1988] or the far field [Barnett and Olbert, 1986; Hastings et al, 1988] . For SE or FM waves we have E(r, t) ~ ~V</> (r, t) in space-time coordinates r,i. Since j" vanishes outside certain volume, we find a radiated power (14) is immediate, Jdrexp[i(ki +k)-r] = 8ir 3 6(ki -+• k). This makes the ki integral immediate too.
The source divergence can be written as
We have set x -Vi -+ x and introduced the current I s in the conductor and a dimensionless function g (k) defined by
The wi and u integrals in (11) are now straightforward, yielding the impedance, Z =Power/J 8 2 , as
with w ~ k x V; we used the relation g(~k) = -j*(k).
Alfven Mode
For the A branch we have a ~ w*J (n» -L^2) and c't? c 2 n 2 + vx «i <*r v2 o? -v*4
where we set w ~+ w-f «f (1/ -• 0 + ), which is the usual rule for wave poles, arising from considerations of weak collisions, adiabatic switching in the remote past, or the radiation condition at infinity. Note that the integrand in (13) is even in k y , k%, and odd in k x (for A strictly zero). Then we find
A formula somewhat simpler than (14) is obtained by changing variables in the double integral from (k yi k x ) to (k y ,ui\/V) ) i.e., effectively changing to (fc,,,^). The result can thus be directly obtained from (13) 
BO derived formulas (14')-(16') for a particular source current by determining the far field; formulas (14)- (16) are new.
The Source Divergence of a Tether
As usual, we will take the y axis along the vertical tether, with velocity V and field Bo along axes x and z, as previously noted (Figure 2 ). Most current divergences discussed in the literature may then be written as
for an upward current and a tether length L\ f(x, z) is a step function equal to l (0) (perpendicular to tether axis).
Using (17) in (12) we find 
with Est denoting Estes [1988] and Hast denoting Hastings and Wang [1987] and Hastings et al. [1988] . For models deriving from (17), contactors have vanishing characteristic length along the tether (as different from distance L between contactors). If contactor lengths in the plane (x,z) perpendicular to the tether are small enough, the above models collapse into a common form, with </ per ~-
One may also consider negligible perpendicular lengths for a general source divergence not given by (17); we may then write g(k) -• g(k s ). This will later be of interest for the Alfven mode of a bare tether.
Alfv^n Mode
In (14') we have k z -kX(k x ) ~ k x V/V\ < k x < Q;/V (~ 1/36 m), Thus we may certainly neglect the characteristic z length and set k z = k A ~ 0 in g per . Using (18) 
a square sine or cosine averaging to 1/2 inside the integrals (see Appendix). This sensitivity of impedance to the source divergence mode! raises the fundamental question of the proper model. We now make two points. First, there is a (length)" 2 and £ Hast oc (length)^2 x (length) -2 , in agreement with the above results (see the Appendix).
Secondly, this sensitivity questions the validity of neglecting the contactor characteristic length along the tether, as in all those models. We now show that taking into account that length actually determines the proper model, i.e., the correct dependence of Z on contactor size. Nonvanishing lengths along the tether were considered in studying contactor planar surfaces of different orientations [Hastings ei al., 1988] , the Alfven far field [Rasmussen et al., 1990] , and Debye sheath effects [Donohue et ah, 1991] .
In a proper model the current divergence should clearly occur at a surface topologically equivalent to a sphere, e.g., a rotational ellipsoid with axis along Bo • This is a finite two-dimensional set as in the models of Hastings and Wang [1987] and Hastings et al. [1988] and BO, but it has no boundaries at all; we would thus expect finding Z oc (length)™ , and this is indeed the case. For instance, for (symmetrical) spherical contactors of radius R the source divergence is (19") For g ~ sin(fcj / £/2)/ir, and ^h > 1, one recovers (19*). When deriving (19)-(19") from (14'), one can verify that large values of k y /k x may be ignored, again proving a previous ansatz.
Slow Extraordinary and Fast Magnetosonic Modes
As later detailed, perpendicular contactor lengths are large compared with l/& P er for the FM and SE modes. 9 This makes impedances quite dependent on the size of contactors, a case opposite that of A waves, as first observed by BO for FM waves, and repeatedly discussed afterward. Here we note that the effect is heavily dependent on contactor model. At large sizes the factor j g | 2 in the (15')-(I6') integrals, and therefore the impedance itself, scales differently with contactor size for different contactor shapes. We have
Note that (1) 
No previous analytical formula for Z^M was available. Note the simple results (22) and (23). Note also that Z^-u. is not influenced by hot-plasma effects, despite concerns to that effect raised earlier (see BO, Hastings et al. [1988] , Donohoue et ai [1991] ). This is a pleasant side effect of the fact that a contactor will have a nonvanishing characteristic length along the tether, making the contribution from values, say, k x , k y < 10&LH (approximately inverse electron gyroradius) , dominant in the cold-plasma double integral in (16'). Hot effects on SE waves suggest the energy in such waves should experience heavy collisionless damping [Hastings et «/., 1988] ; the small value found here for the ratio ZSE/%FM = rn c /2mi ~ 10~5 further suggests that such energy is negligible. Note also the ratio
taken from (19') and (23); n e is electron density. We now check our having assumed k x , k z to be large compared with inverse perpendicular contactor lengths, for the integrals in (15') and (16'). This is clear for the SE branch, where we have k z = fcgE ~ ^ -w pe /V ~ 1/0.2 mm. The FM case is more involved. Although we do have k x > WLH/V ~ 1/20 cm, which is comparatively large, k z = k£ M is smaller by a factor of order khli/k e = (me/mi) 1 ' 2 for k^ ~ WLH/^-However, in a proper model of g such as given by (21), k z appears only in fc per -(fc^ -f k^) 1 !' 1 > k x , and our assumption holds.
Nonetheless, consider uniform current divergence on the surface of a rotational, prolate ellipsoid of major and minor semi-axes a and b along and perpendicular to Bo respectively. A straightforward development gives the result Clearly, the impedance then reads
. (26) which is much larger than the value for the spherical case as given by (23). Note, however, that the actual divergence might be highly nonuniform.
Bare Tether Impedance
It has been shown recently that a tether could work efficiently without an anodic contactor, by collecting electrons along certain length of its anodic end, if bare [Sanmartin et al., 1993] . If actually bare along its entire length, a (generator) tether was found to be optimal if positively biased over a length l a ~ ~L. The current I(y) would vanish at y = L/2 and reach a nearly constant value I s at y -L/2 -l a , with dljdy oc ~(y~ §£-M«) 1/2 (Figure 3 ). If 6 is the collecting radius in the x, z plane and the cathodic contactor is a sphere of radius R, we then have
M»-! + *.)-k(v- §
where h is the unit step function. 
Jo s
For the FM branch we may take kR large. Then the last term in (27) makes a negligible contribution to the impedance Z r * M as shown in (16'), while the first term yields one half the value given by (23) 
A an ==2irW a , 0 = F(s)tfs 1.12.
Note that written in terms of areas, (23) and (29) read nearly the same. Actually, condition b > l/fc per ~ 20 cm will not be satisfied if 6 is the actual radius of the tether; for k pet b small we would have Z FM ^ 27rV/Lo pc u> pi A c&ll or one half the value given in (23). At this point we raise the question of what are the lengths really characterizing V • j, . Esies [1988] suggested that the plasma cloud emitted by an active contactor might extend the effective dimensions well beyond the dimensions of the contactor itself; Donohue et al [1991] further suggested that the sheath radius should be an effective radius for passive contactors.
The basic argument underlying these suggestions is the need to account for nonlinear effects, which are essential for a self-consistent analysis. A crude recipe is to consider the entire nonlinear region around the contac-tor as part of the contactor itself. For the anodic part of a bare tether, which collects electrons as a cylindrical Langmuir probe in the orbital-motion-limited regime, the faraway electric potential decays as the inverse of distance to tether [Laframboise, 1966] . Then, for typical electron temperature T c ~ 0.1 eV, tether radius (~ 1 mm) and anodic bias (hundreds of volts), the average b would be of order of meters, large, indeed, compared 
Note that the power radiated in the FM branch, ^FM^JI will increase only linearly (rather than quadratically) with current. FM radiation will dominate Alfven radiation, except at large currents, when the effective contactor area and effective radius R is large; this is reflected in (24), where Z A /Z FU scales as R 2 . A 0.5 km long (the so-called PMG) tether, flown in June 1993, reached a current I s ~ 0.3A at the maximum density n e ~ 10 6 cm" 3 , yielding R ~ 1.54 m in (30); (31) and (24) then give ZFM cz 1.27 £1 and Z A ~ 0.086 0. For the aborted tethered satellite system (TSS) 1 experiment the effective area was probably the actual physical surface of the passive anode (a sphere of radius 0.8 m), the current in (30) being of purely thermal origin, Is ^ 0.066 A at n e ~ 10 6 cm" 3 . Equation (31) then yields Zp M ~ 5.7 Q, a result also directly obtained from (23). Since the deployed tether length was L ~ 300 m, one finds Z A /Z FM ^ 0.015 in (24).
Summary of Results
We have used the potential <j> for the longitudinal part of the electric field of a wave and conditions particular to low Earth orbits in discussing the five branches w(fc,0) of the dispersion relation for a cold, magnetized plasma. No emission of fast extraordinary or ordinary waves is possible. Slow extraordinary (SE) and fast magnetosonic (FM) emission occurs near k -*• oo asymptotes, with E ~ -V<f>. Alfven (A) emission occurs in a peculiar regime, arising from condition Vl < V 2 m i /m e , with E ~ -V.10. The discussion clarifies or corrects some published results on group velocities, emission bands, and emission of whistlers or outside contactors.
TJtie <j> formalism appears useful for future work on a number of standing issues. The formalism has been used here to determine the impedance of an orbiting conductor. For tethers we found that usual models, having vanishing contactor length along the tether (L y = 0), yield values ZFM (and ZSE) heavily dependent on the model. A proper model requires L y ^ 0 and this yields ^FM.SE OC (contactor area)" 1 . We found new, simple formulas for ZSE (see (22)), so small that power radiated into this strongly damped branch should be negligible, and ZFM (23) unaffected by hot-plasma effects. An anodeless, bare tether of equal area, has a very similar Z pu (29). Nonlinear effects might make contactor area proportional to current I g , and this would lead to an extremely simple result, (31). We have also found Z-pyi for ellipsoidal contactors (see (26)) and Z A for contactors with Ly ^ 0 but with vanishing lengths perpendicular to the tether (see (19")), particularized to a bare tether in (28). Estes [1988] and ring models.
